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The BEC regime of a cold fermi gas is characterised by coupled atoms (dimers) which, superfi-
cially, look like elementary bosons. We examine how simply-bosonic they really are; firstly, in the
Bogoliubov approximation and further, through new actions for the BEC regime in which dimers
are represented by coupled Gross-Pitaevskii fields. We find identity at the level of the Bogoliubov
approximation in the deep BEC regime, permitting a simple Gross-Pitaevskii description. This fails
rapidly as we move towards the BCS regime. However, even in the deep BEC regime there is an
intrinsic difference if we go beyond the Bogoliubov approximation. To exemplify this we construct
vortex solutions.
PACS numbers: 03.70.+k, 05.70.Fh, 03.65.Yz
INTRODUCTION
Condensates of ultra-cold fermi gases show a range of behaviour, interpolating from a BCS regime characterised
by Cooper pairs to a BEC regime characterised by diatoms or dimers [1]. In this paper we examine the difference
between these di-fermi condensates and those of elementary (point-particle) bosons, particularly in the BEC regime.
We do this by contrasting the fermi gas partition function to the bosonic Gross-Pitaevskii (GP) functional integral,
whose representation of bosonic condensates is wholly familiar and whose equivalence to the path integral partition
function of elementary bosons is well understood [2]. We have already seen [3] that, with some qualifications, conden-
sates of cold fermi gases are described by a Gross-Pitaevskii model of simple bosons in the acoustic (or hydrodynamic)
approximation of phonons with linear dispersion relation ω = ck. The first result of this paper is to show that, in
the deep BEC regime, the representation of dimer condensates by condensates of simple bosons is further valid in
the Bogoliubov picture (of bogolons) with dispersion ω2 = c2k2 + (k2/2M)2, for which phonons provide the long
wavelength limit and dimers the short wavelength limit.
Superficially, this looks a surprising result in that the degrees of freedom of elementary bosons and di-fermions
are different; the former permits only a gapless mode (the bogolon, labelled θ) whereas the latter has, in addition,
a gapped mode (the dimensionless dimer density fluctuation, labelled ). In the BEC regime, and there alone, the
gapped mode becomes an auxiliary field with no degrees of freedom and a comparison of dimer to elementary boson
can be made. We do more, identifying the bogolon θ as the non-relativistic quantum excitation associated with the
BEC (sound-cone) relativistic fluctuation fields (essentially θ± i) of the condensate [4, 5]. It is very clear that there
is no simple relationship between di-fermions and simple bosons away from the deep BEC regime.
However, the main result of this paper is to provide a generalised Gross-Pitaevskii description of fermi gases
beyond the Bogoliubov picture. To do so we adopt the approach of Aitchison, Thouless et al. [6] for fermi
gases in the deep BCS regime of Cooper pairs (based on the fields θ ± ), to which our more general fermi gas,
controlled through an explicit Feshbach resonance, provides a controllable extension to the BEC regime. Di-fermions
are now represented by a pair of coupled Gross-Pitaevskii fields, to which the deep BEC regime provides great
simplification. We now see a difference between elementary bosons and dimers in the BEC regime even when
density fluctuations are auxiliary. We stress that these go beyond Gaussian fluctuations about mean-field results.
Nonetheless, to understand this difference better we shall look for vortex solutions, to compare with conventional
Gross-Pitaevskii vortices (e.g.[7–9]) within the mean-field framework. In practice, despite the universally different
equations that vortices of elementary bosons and of fermi gas BEC composite bosons satisfy we find near-identity of
the solutions in the deep BEC regime. In all that follows we only work at zero temperature in natural units with h¯ = 1.
Because of the intricacy of the subsequent discussion we offer the following brief guide:
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2The natural framework in which to make comparisons is that of functional integral partition functions realised through
Lagrangians. Although the argument is straightforward the notation can become cumbersome with so many interme-
diate steps. To keep it as simple as possible we adopt the following consistent notation. Apart from the point particle
partition function, each of the several partition functions that we shall introduce carries a label, usually as a subscript
(e.g. B for Bogoliubov), which characterises the approximation or reformulation that we are making. For a label X,
say, we write the partition function
ZX =
∫
D[fields] eiSX [fields] (1)
for the fields corresponding to the relevant degrees of freedom. When SX is local, we can define the Lagrangian density
LX(fields(x)) by
SX [fields] =
∫
d4xLX(fields(x)) (2)
in which d4x ≡ dt d3x. Since we are continually moving between partition functions, actions and Lagrangians this
leads to an economical use of notation.
Finally, we stress the importance of preserving the underlying symmetry of the theory, in this case the Galilean
group. In particle physics, where the Lorentz group is the invariance group, we would not make approximations for
relativistic systems that violate Lorentz symmetry. Equally, we preserve Galilean invariance step by step.
SIMPLE BOSONS REVISITED
In order to contrast dimers to bosons, it is will be useful to first review elementary bosons. We do this in some
detail so as to make later comparisons transparent. Consider elementary bosons, of mass Mb, with two-body potentials
V (|x|), for which the n-boson Hamiltonian is (i, j = 1, 2, 3, ..., n)
Hn(pi,xi) =
∑
i
p2i
2Mb
+
∑
i>j
V (|xi − xj |). (3)
The question is to what extent can a condensate of dimers be represented by a Hamiltonian of the form (3)? We
rephrase the question by exploiting the duality between the bosonic Feynman path integrals for ensembles of bosons
described by (3) and the functional integral for the Gross-Pitaevskii quantum field [2]. On taking the trace over
n-particle bosonic states of (3) the zero-temperature (β → ∞) limit of the grand canonical partition function (with
subscript b for boson)
Zb = Tr exp−β(Hˆn − µ0nˆ) (4)
can be written without approximation as the quantum field functional integral [2]
Zb ≡ ZGP =
∫
DψDψ∗ eiSGP [ψ∗,ψ], (5)
where
SGP [ψ
∗, ψ] =
∫
d4xLGP (ψ
∗, ψ) ≡
∫
d4x
{
iψ∗ψ˙ − 1
2Mb
∇ψ∗ · ∇ψ − 1
2Nb
(ψ∗ψ − ρb0)2
}
(6)
is the Gross-Pitaevskii action for the order-parameter field ψ. In (6) ρb0 is the boson density and we have assumed a
point potential V of strength N−1b [2]. Thus, if we can recast our model of dimers in the form (5) and (6) they have
a realisation as simple bosons.
To see that the (only) quanta of such elementary particle condensates are gapless ‘bogolons’, identifiable as phonons
in the long wavelength/low momentum limit, we use the Madelung decomposition ψ =
√
ρeiθ. LGP (ψ
∗, ψ) then
becomes, in terms of the Galilean invariants ρ and G(θ) ≡ θ˙ + (∇θ)2/2Mb,
LGP (θ, ρ) = −ρG(θ)− 1
8Mbρ
(∇ρ)2 − 1
2Nb
(ρ− ρb0)2. (7)
3The familiar acoustic (or hydrodynamic) approximation for long wavelength phonons corresponds to dropping the
density fluctuation second term in (7). Here, however, we adopt the less restrictive Bogoliubov approximation (with
superscript B for Bogoliubov) of retaining all quadratic fluctuations in the density,
LBGP (θ, ρ) = −ρG(θ)−
1
8Mbρb0
(∇ρ)2 − 1
2Nb
(ρ− ρb0)2 (8)
in which, in the 2nd term, the ρ in the denominator has been replaced by its mean-field value ρb0. With unit Jacobian
the partition function Zb of (5) is approximated by
ZBb ≡ ZBGP =
∫
DθD eiSBGP [θ,]. (9)
Since LBGP is quadratic in ρ we perform the ρ integration to give
ZBb =
∫
Dθ eiSBb [θ] (10)
where SBb [θ] is the familiar (e.g. see [10]) non-local action
SBb [θ] =
∫
d4x (−ρb0G(θ(x))) +
∫ ∫
d4x d4y
Nb
2
G(θ(x))∆0(x− y)G(θ(y)). (11)
Here ∆0(x) is the instantaneous density-fluctuation Yukawa potential
∆0(x) =
1
(2pi)4
∫
dω d3k
eiωte−ik.x
1 +Nbk2/4ρb0Mb
(12)
which mediates phonon-phonon scattering via the (∇θ)2 term in G.
To describe the quasi-particle spectrum we only need the quadratic part of SBb [θ],
S
B(2)
b [θ] =
∫
d4x
(
− ρ
b
0
2Mb
(∇θ)2
)
+
Nb
2
∫ ∫
d4x d4y θ˙(x)∆0(x− y)θ˙(y). (13)
Plane wave solutions give the dispersion relation in (ω,k) as
ρb0k
2
Mb
=
Nbω
2
1 +Nbk2/4ρb0Mb
, (14)
which can be rewritten in the more familiar Bogoliubov form
ω2 = c2bk
2 +
(
k2
2Mb
)2
, (15)
where c2b = ρ
b
0/MbNb is the phonon speed of sound. The more restrictive ultra-local acoustic/hydrodynamic action,
which will play a role later, of ignoring gradient terms (∇ρ)2 in (8) is
Sacb [θ] =
∫
d4x (−ρb0G(θ(x))) +
∫ ∫
d4x d4y
Nb
2
G(θ(x))δ4(x− y)G(θ(y))
=
∫
d4x (−ρb0G(θ(x))) + (Nb/2)G(θ(x))2) (16)
corresponding to replacing ∆0(x)→ δ4(x), with dispersion relation ω2 = c2bk2.
Finally, for comparison, it is useful to rewrite (11) in terms of cb as
S
B(2)
b [θ] =
∫
d4x (−ρb0G(θ(x))) +
ρb0
2Mbc2b
∫ ∫
d4x d4y G(θ(x))∆0(x− y)G(θ(y)), (17)
with, from (12)
∆0(x) =
1
(2pi)4
∫
dω d3k eiωte−ik.x
1 + k2/4M2b c
2
b
=
(2Mbcb)
2δ(t)
4pi|x| e
−2Mbcb|x| (18)
4and, going back a step,
SGP [ψ
∗, ψ] =
∫
d4xLGP (ψ
∗, ψ) =
∫
d4x
{
iψ∗ψ˙ − 1
2Mb
∇ψ∗ · ∇ψ − Mbc
2
b
2ρb0
(ψ∗ψ − ρb0)2
}
. (19)
In the next section we show how a cold fermi gas condensate in the deep BEC regime, under an analogous Bogoliubov
approximation, reproduces (11) and (19) and hence can be construed as a condensate of elementary dimers in that
approximation.
THE COLD FERMI GAS MODEL
There is a huge literature on tunable cold fermi gases but, for analytical simplicity, we consider only fermi atoms
ψσ with spin label σ = (↑, ↓), mass mf and chemical potential µ, interacting through an idealised narrow s-wave
Feshbach resonance. This restricts the literature (e.g. [11, 12]) beyond our own work [3, 13, 14], to which we shall
refer. To be concrete, we have in mind the resonance in 6Li at H0 = 543.25G, discussed in some detail in [15].
All calculations are performed at temperature T = 0 where, in the absence of external fields, the partition function
for di-fermions
Z2f =
∫
DψDψ∗DϕDϕ∗ eiS2f [ψ∗,ψ,ϕ∗,ϕ] (20)
is expressed through the action [12]
S2f [ψ
∗, ψ, ϕ∗, ϕ] =
∫
dt d3x
{∑
↑,↓
ψ∗σ(x)
[
i ∂t +
∇2
2mf
+ µ
]
ψσ(x)
+ ϕ∗(x)
[
i ∂t +
∇2
2MD
+ 2µ− ν
]
ϕ(x)
+ g
[
ϕ∗(x) ψ↓(x) ψ↑(x) + ϕ(x)ψ∗↑(x) ψ
∗
↓(x)
]}
. (21)
The Feshbach resonance, with binding energy ν, is described by ϕ(x) and its relation to dimers is already present
in the mass of the dimer in the deep BEC regime, MD = 2mf . It is not difficult to accommodate point s-wave
interactions [16, 17] in (21) but it complicates the formalism hugely even though it leads to some unchanged outcomes
e.g. the behaviour of the speed of sound in the deep BEC and BCS regimes. We have examined the model of [12] in
some detail in previous papers [3, 13, 14], from which we borrow where appropriate.
Since the action is quadratic in the Fermi fields, they can be integrated out to give the exact (one fermi-loop)
Feshbach (F) partition function
Z2f ≡ ZF =
∫
DϕDϕ∗ eiSNLF [ϕ∗,ϕ] (22)
with non-local (NL) action
SNLF [ϕ
∗, ϕ] = −iTr lnG−1[ϕ∗, ϕ] +
∫
dt d3xϕ∗(x)
[
i ∂t +
∇2
2MD
+ 2µ− ν
]
ϕ(x), (23)
in which G−1 is the fermi loop inverse Nambu Green function,
G−1 =
(
i∂t − ε gϕ(x)
gϕ∗(x) i∂t + ε
)
. (24)
Here ε = −∇2/2mf − µ (or in momentum space, εk = k2/2mf − µ) is the energy measured from the Fermi surface.
The action (23) is invariant under global U(1) transformations θ → θ + c for some constant c, but the variational
equation δSNLF /δϕ
∗(x) = 0 permits constant solutions ϕ(x) = ϕ0 which break this symmetry spontaneously, satisfying∫
d3p
(2pi)3
(
1
2Ep
− 1
2p
)
=
ν − 2µ
g2
≡ − mf
4piaS
(25)
5after additive UV renormalisation of ν, where Ep = (ε
2
p + g
2|ϕ0|2)1/2 and p = p2/2mf . The second equation in
(25) defines the atomic s-wave scattering length aS . The advantage of narrow Feshbach resonances is that ν and µ,
and hence 1/kFaS , are tunable with an external magnetic field H approximately as 1/kFaS ∝ (H −H0) where H0
determines the unitary limit of infinite scattering length [15]. The BEC and BCS regimes correspond to 1/kFaS > 0
and 1/kFaS < 0 respectively, and the deep BEC regime in which we are interested corresponds to large positive
1/kFaS . Finally, the fermion number density ρ
f
0 is
ρf0 = ρ
ex
0 + 2ρ
D
0 , (26)
where ρex0 =
∫
d3p/(2pi)3 [1− εp/Ep] is the explicit fermion density and ρD0 = |ϕ0|2. The suffix D reminds us that in
the deep BEC regime, where ρex0 vanishes, ρ
D
0 is the dimer density (two fermions per dimer).
The condensate of the theory is
ϕ(x) = |ϕ(x)| eiθ(x) (27)
with the gapless mode encoded in the phase θ. The Galilean invariants of the theory are |ϕ| itself, G(θ) = θ˙ +
(∇θ)2/2MD as before, and the comoving time derivative of |ϕ| in a fluid with fluid velocity ∇θ/MD,
Dt(|ϕ|, θ) = ∂t|ϕ|+∇θ.∇|ϕ|/MD. (28)
On changing variables to θ and |ϕ|, so that SNLF [ϕ,ϕ∗] ≡ SNLF [θ, |ϕ|] the partition function becomes
Z2f ≡ ZF =
∫
DθD|ϕ| eiSNLF [θ,|ϕ|] (29)
where SNLF [θ, |ϕ|] incorporates the Jacobian functional determinant J [|ϕ|] = Det[|ϕ|] = exp{Tr ln |ϕ|} due to the
change of variables.
We now see that preserving Galilean invariance step by step leads to an interesting problem. The gap equation (25)
followed from the variational equation δSNLF [ϕ,ϕ
∗]/δϕ∗ = 0, which is not Galilean covariant. However, the Galilean
covariant equation δSNLF [θ, |ϕ|]/δ|ϕ| = 0 incorporating the Jacobian gives the same solution (25) in terms of the
physically observable µ, ν after further UV renormalisation of ν.
We now make a Galilean-invariant decomposition
ϕ(x) = (|ϕ0|+ δ|ϕ(x)|)eiθ(x) (30)
where δ|ϕ| = |ϕ| − |ϕ0| = δρD0 /4|ϕ0| is a small fluctuation in the reduced condensate density, whereas θ(x) is
not small. On changing variables to θ and and the dimensionless  = κ−1/2δ|ϕ|, we expand the resulting SNLF [θ, ](≡
SNLF [θ, |ϕ|]/δ|ϕ|] in powers of the Galilean invariants along the lines taken in [6] and sketched in [13, 14, 16]. Retaining
all squares of Galilean invariants all the terms relevant to the immediate discussion are contained in the local effective
action SeffF [θ, ],
SeffF [θ, ] =
∫
d4xLeffF (θ, ) =
∫
d4x
[
Nf
4
G2(θ, )− 1
2
ρf0G(θ, )− αG(θ, ) +
1
4
ηD2t (, θ)−
1
4
M¯20 
2
]
. (31)
Here the scale factor κ has been chosen so that on extending G(θ) to G(θ, ) = θ˙ + (∇θ)2/2MD + (∇)2/2MD in
(31),  has the same coefficients as θ in its spatial derivatives [6] and all coefficients are defined in terms of physical
variables. The behaviour of κ together with that of the coefficients in (31), namely η, M¯0, α, ρ
D
0 , Nf , are given in the
Appendix. In particular, the quadratic terms in  due to the Jacobian are eliminated by the same redefinition of ν
adopted earlier and, until explicitly stated, we shall ignore the Jacobian henceforth. A similar ability to ignore the
Jacobian is seen in renormalisable relativistic field theory [18].
The action SeffF [θ, ] contains (derivative) terms in  up to fourth order. To bring our model into correspondence
with the Bogoliubov approximation of the previous section we retain only quadratic terms in its derivatives, with
action SBF [θ, ], obtained simply from (31). Integrating over  in the resulting Bogoliubov-equivalent partition function
ZBF =
∫
DθD eiSBF [θ,] =
∫
Dθ eiSBF [θ] (32)
gives the non-local action
SBF [θ] =
∫
d4x
{
−1
2
ρf0G(θ(x))
}
+
∫
d4x
∫
d4x′G(θ(x))
{
Nf
4
δ4(x− x′) + α
2
M¯20
∆F (x− x′)
}
G(θ(x′)) ,
(33)
6where ∆F (x) (F for Feshbach) is
∆F (x) =
1
(2pi)4
∫
dω d3k
eiωte−ik.x
1− ηω2/M¯20 + ρf0k2/MD + M¯20
.
(34)
The normalisation of ∆F (x) is chosen so that, in the acoustic approximation, in which we set ω = k = 0 in its integrand,
∆F (x) = δ
4(x). In comparison to the Bogoliubov approximation of (11), (33) has a contact term contributing directly
to phonon-phonon scattering and a non-instantaneous density fluctuation propagator.
Retaining only the quadratic field terms gives
S
B(2)
F [θ] =
∫
d4x
{
− ρ
f
0
4MD
(∇θ(x)2)
}
+
∫
d4x
∫
d4x′θ˙(x)
{
Nf
4
δ4(x− x′) + α
2
M¯20
∆F (x− x′)
}
θ˙(x′) .
(35)
From (35) we see that the quasi-particle spectrum now satisfies
ρf0
MD
k2 = ω2
(
Nf +
4α2
−ηω2 + ρf0k2/MD + M¯20
)
. (36)
It follows directly that the speed of sound c for long wavelength modes is given as
c2 ≡ ρ
f
0
MDN
=
ρf0/MD
Nf +
4α2
M¯20
(37)
where N = Nf + 4α
2/M¯20 . As it stands, for generic 1/kFaS (36) can be expanded as
ω2 = c2k2 + c21k
4 + . . . (38)
where c2 is as in (37) and
c21 =
(ρf0/MD)
2(
Nf +
4α2
M¯2
)3 (4α2M¯4
)(
Nf − η + 4α
2
M¯2
)
. (39)
A priori this does not resemble the Bogoliubov dispersion relation and the action (33) does not resemble its simple
bosonic counterpart (11). However, we shall see later that in the the deep BEC regime they do become identical.
The sound speed c2 is to be contrasted to what we term the mean-field speed of sound
c20 = ρ
f
0/MDNf , (40)
obtained by ignoring density () fluctuations (i.e. taking α = 0 in the above, which we shall see plays a dominant role
in subsequent calculations.
The deep BEC regime
In the Appendix we show characteristic behaviour of the coefficients and c2 across the whole BCS/BEC regime
as a function of 1/aSkF . The key attributes of the coefficients relevant to the deep BEC are that (see Figs. 2) as
1/aSkF →∞:
i) the mode-coupling coefficient α→ ρf0 → 2ρD0 .
ii) both Nf and η ≈ Nf → 0, with Nf/η → 1.
7iii) M¯20 → 0 and
iv) κ−1|ϕ0|2 → 1.
We note the very different behaviours of Nf and N in the deep BEC regime. Whereas Nf vanishes there N
does not. In particular, in the idealised model (29) the vanishing of M¯20 in the BEC limit forces the true speed of
sound c→ 0 because of the divergence of N whereas the mean-field speed of sound c0 →∞ itself diverges.
In reality the speed of sound does not vanish for the accessible BEC regime [19]. To induce non-vanishing c we
include a term LeffD = −uB |ϕ(x)|4/4 in the integrand of (21) to incorporate direct dimer-dimer interactions [20, 21].
The gap equation for the combined action S¯NLF [θ, |ϕ|] = SNLF [θ, |ϕ|] + SeffD [|ϕ|] now becomes∫
d3p
(2pi)3
(
1
2Ep
− 1
2p
)
+
uB
2g2
|ϕ0|3 = ν − 2µ
g2
≡ − mf
4piaS
(41)
The Appendix shows the dependence of the parameters of the model on uB . In particular we see that, in the deep
BEC regime, properties i) - iv) above are unaltered. However, the inclusion of LeffD changes the coefficient M¯
2 of the
quadratic term in  in (31) as M¯20 → M¯2 = M¯20 + 6uBκ|ϕ0|2 whence, in the deep BEC regime 1/kFaS →∞,
M¯2 → M¯2∞ = 6uB |ϕ0|4. (42)
on using iv).
As our final step in establishing dimer/boson identity we return to (33), in which we now replace c2 → c2∞ =
M¯2∞/4Mρ
f
0 6= 0 to contrast it to its simple bosonic counterpart (11). In the BEC limit with Nf ≈ η → 0, the acoustic
δ-function in (33) and (35) vanishes and ∆F (x) becomes the Yukawa ∆
0(x) of (12). SBF [θ] now takes the limit
SBF [θ]→
∫
d4x(−ρD0 G(θ(x)) +
ρD0
2MDc2∞
∫
d4x
∫
d4x′G(θ(x)) ∆0(x− x′)G(θ(x′)) , (43)
identical to SBb [θ] of (33) on substituting dimers for elementary bosons. In particular, the gapless dispersion relation
(45) takes Bogoliubov limiting form
ω2 → c2∞k2 + (k2/2MD)2. (44)
This is our first result, that the partition function ZBF obtained from the cold fermi gas action Z2f of(21) in the deep
BEC regime has the form of the partition function ZBb of (10) for elementary bosons in the Bogoliubov approximation
for which the quasi-particle dispersion relation is (15) and the action (11) (or (33).
As we move away from the deep BEC regime the difermions are less and less like elementary bosons and their
equations of motion less and less like the GP equation. As Nf and η cease to be small the acoustic term in (33) and
(35) increases while, at the same time, ∆F (x) ceases to be instantaneous. See the Appendix for details.
However, there is simplification in the deep BSC regime 1/kFaS → −∞ if we extend the analysis of the idealised
model there where α → 0, M¯20 6= 0 and Nf = η is the density of states at the Fermi level [6]. The resulting speed
of sound c2−∞ = ρ
f
0/MDNf = v
2
F /3 [6]. In that case, with the coefficient of ∆F vanishing in (33) and (35), we can
only recover the acoustic approximation of (16), with linear dispersion relation (as follows directly from (37)), which
does not describe elementary bosons. However, we now understand why the acoustic approximation is valid across
the whole BCS-BEC range in this model if that is sufficient.
GROSS-PITAEVSKII EQUATIONS FOR θ + i
Before attempting to go beyond the Bogoliubov picture we can do more to identify the dimer field better, in
particular with regard to the fluctuation (Feshbach) field δϕ = ϕ − ϕ0, to which it is expected to be related when
dimers dominate, despite the fact that δϕ has no simple behaviour under Galilean transformations. This relation is
necessarily complicated because the dynamics of the theory is carried in the field phase and not its fluctuations [6].
Nonetheless, it is worth showing the relationship since it is not uncommon (e.g. [22, 23]) to see derivative expansions
in fluctuation fields despite Galilean invariance being crucial to some attributes of the quantum behaviour (e.g. the
stochastic nature of the sound-cone metric [24]).
8We have already commented upon the very different behaviours of Nf and N in the deep BEC regime. Whereas
Nf vanishes there N does not. The effect is very simple in the case uB = 0 when c→ 0 in the deep BEC regime and
we consider that first. Then, because of the vanishing of Nf and Nf = η there, (36) can be written as
ω =
√
M2c40 + k2c20 −Mc20 → k2/2MD (45)
whereM = (α/ρf0 )MD →MD as c0 →∞. We stress that (45) is not a high momentum limit but a deep BEC high-c0
limit, recreating the (Bogoliubov) free-particle spectrum in the c→ 0 limit.
Although the GP model is that of a complex field, because of Galilean invariance it describes only a single mode,
the (gapless) phonon/bogolon. This is not the case for our fermi system (29), which describes a Higgs-Goldstone
model with a gapped mode, related to , identified with quantised density fluctuations. The dispersion relation of
the gapped mode is most simply derived by retaining only the quadratic terms in (31) and integrating over θ. The
outcome is that, as we approach the deep BEC regime, then
ω =
√
M2c40 + k2c20 +Mc20 → 2MDc20 →∞ (46)
as c0 → ∞. That is, the gapped mode decouples in the deep BEC limit, leaving us with a single (gapless) phonon
mode akin to that of the simple GP model, as we have seen.
The relations (45) and (46) suggest that the deep BEC regime is explicable through a (sound-cone) relativistic
theory of particles of mass MD, rest mass energy MDc
2
0 in a critical chemical potential MDc
2
0 in the limit c0 → ∞
[4, 5]. The situation is qualified slightly if c → c∞ 6= 0, but it is not difficult to identify the field whose quanta are
the bogolons.
All the terms relevant to particle identification are contained in the (non-invariant) quadratic effective action
obtained from the action (31) [3, 13, 14] (or equivalently, SBF [θ, ])
S
B(2)
F [θ, ] =
∫
d4x
1
4
{
Nf θ˙
2 − ρ
f
0
MD
(∇θ)2 − 2α(θ˙ − ˙θ) + η0˙2 − ρ
f
0
MD
(∇)2 − M¯22
}
. (47)
The kinetic part of the action (47) looks like a (sound-cone) relativistic theory for a complex field
φ(x) =
1√
2
(θ(x) + i(x)) (48)
in the presence of a chemical potential if we write the Lagrangian density from (47) as
L(2) ≡ LB(2)F [φ, φ†] =
1
2
{
Nf
[
φ˙†φ˙− c20∇φ†∇φ
]
+ iα(φ˙†φ− φ˙φ†) + 1
4
M¯2(φ− φ†)2
}
(49)
where we have taken Nf = η, appropriate for the deep BEC regime (and dropped further labels on L
(2)). [The results
are unchanged if we take Nf = η[1 + ∆] as Nf , η,∆ → 0.] The speed of propagation in (49) is the diverging c0. We
note that when M¯2 = M¯20 → 0 the Lagrangian (49) has a global U(1) invariance associated with the conservation of
dimer number.
From (49) the canonical momenta are given by
pi =
∂L(2)
∂φ˙†
=
1
2
[
Nf φ˙+ 2iαφ
]
, pi† =
∂L(2)
∂φ˙
=
1
2
[
Nf φ˙
† − 2iαφ†
]
(50)
After the simple canonical transformation pi →√Nf/2pi′ φ→√2/Nf φ′, the Hamiltonian
H(2)[φ, pi†, pi, φ†] ≡ pi†φ˙+ piφ˙† − L(2)[φ, φ†] (51)
becomes
H(2)[φ, pi†, pi, φ†] = pi†pi + (Mc20)2φ†φ− iMc20(φpi† − φ†pi) + c20(∇φ†)(∇φ)− (M¯2/4Nf )(φ− φ†)2. (52)
We diagonalise the Hamiltonian by introducing new fields (Ψ, χ) through the canonical transformation
(
χ
Ψ†
)
= D
(
φ
pi
)
where D =

√
Mc20
2
i√
2Mc20√
Mc20
2 − i√2Mc20
 (53)
9and its conjugate. That is, Ψ and χ are the annihilation operators of, respectively, particles and anti-particles in
terms of which pi†pi + (Mc20)2φ†φ =Mc20(Ψ†Ψ + χ†χ). On substituting (53) into the generalised Lagrangian
L(2)[φ, φ†, pi, pi†] ≡ (φ˙pi† + φ˙†pi)−H(2)[φ, pi†, φ†, pi] (54)
where H(2) is given in (52) we find, on approximating c2 = M¯20 /4αM that
L(2) =
[
Ψ†
(
i
∂
∂t
+
1
2M∇
2
)
Ψ +
1
2
Mc2(Ψ−Ψ†)2
]
+
[
χ†
(
i
∂
∂t
+
1
2M∇
2 − 2Mc20
)
χ+
1
2
Mc2(χ− χ†)2
]
− 1
2M
[∇χ∇Ψ† +∇χ†∇Ψ]− 1
2
Mc2(Ψ−Ψ†)(χ− χ†). (55)
We shall see that we can interpret the Ψ,Ψ† fields as annihilating and creating non-relativistic Bogoliubons. Because
of the mixing terms between pi and φ in H0 in (52) the rest mass energy of the Ψ field is cancelled by the chemical
potential, whereas χ has rest mass energy (plus chemical potential) 2Mc20.
In the BEC regime where c20 →∞ this χ, χ† anti-Bogoliubon sector becomes infinitely heavy and decouples. If we
neglect the dynamical degrees of freedom of the anti-Bogoliubons (terms O(c−20 )), the action
S(2) =
∫
d4xL(2)(Ψ†,Ψ) ≡
∫
d4x
[
Ψ†
(
i
∂
∂t
+
1
2M∇
2 −Mc2
)
Ψ +
1
2
Mc2 (Ψ2 + (Ψ†)2) ] (56)
provides a good approximation close to the BEC limit, when the equations of motion become(
i
∂
∂t
+
1
2M∇
2 −Mc2
)
Ψ +Mc2Ψ† = 0,(
−i ∂
∂t
+
1
2M∇
2 −Mc2
)
Ψ† +Mc2Ψ = 0, (57)
combined as [
∂2
∂t2
+
(
1
2M∇
2
)2
− c2∇2
]
Ψ = 0, (58)
That is, the Ψ quanta have the dispersion relation
ω2 = c2k2 +
(
k2
2M
)2
(59)
where M = (α/ρ0)MD. In the BEC limit, where c→ c∞, M→MD, Ψ is the familiar bogolon.
This identification of Ψ with the bogolon seems odd, since we might have anticipated [25] that the fluctuations
η(x) = ϕ(x)−ϕ0 of the pairing Feshbach field ϕ(x) of (21) provided the bogolon in that regime. A further step shows
this to be the case. We write the decomposition (30) as
ϕ(x) = |ϕ0|(1 + κ1/2(x)/|ϕ0|)eiθ(x) ≈ |ϕ0|(1 + i
√
2Φ†(x)) (60)
for small  and θ where
Φ = (θ + iκ1/2/|ϕ0|)/
√
2. (61)
In the BEC regime for real positive ϕ0, where κ
1/2/ϕ0 → 1, the pairing field fluctuation η can be identified with φ by
η†(x) = −i
√
2ϕ0Φ(x)→ −i
√
2ϕ0φ(x) (62)
That is, up to a constant prefactor the non-relativistic limit field of the pairing field η(x) is Ψ, the non-relativistic
limit field of φ, the bogolon field in this regime.
This identity is only valid in the deep BEC regime. As we move away from it towards the BCS regime it breaks
down. Most simply, as κ1/2/|ϕ0| ceases to be unity, the correspondence between the pairing field η and φ falters.
More importantly, as we move away from the BEC limit the approximations that we made to derive the GP equations
(57) from φ break down. There are reasons to be cautious in taking the formalism from deep BEC to deep BCS [3]
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but, whatever the details as we move towards the crossover, c0, which suppresses the anti-particle sector, ceases to be
large and it rapidly becomes impossible to separate out bogolons from their antiparticles. This coupling is enhanced
by terms in ∆ that we have omitted, such as the inclusion of Nf∆(φ˙
† − φ˙)2 in (49). We note that if c→ 0, then the
bogolon is just the dimer in that limit.
We do not go further than identifying the bogolon quanta, as the interactions are rather complicated in terms of
θ+ i and not amenable to simple analysis. In order to accommodate interactions, particularly beyond the Bogoliubov
approximation, we need a different approach to GP equations.
GROSS-PITAEVSKII EQUATIONS FOR θ ± 
We have seen the agreement between dimers and simple bosons in the deep BEC regime at the level of bogolons.
To go beyond the Bogoliubov approximation requires going beyond the quadratic fluctuations in the density and its
derivatives. Let
L0GP (ψ,ψ
∗) = iψ∗ψ˙ − 1
2MD
∇ψ∗ · ∇ψ − 1
2Nf
(|ψ|2 − ρf0 )2
= iψ∗ψ˙ − 1
2MD
∇ψ∗ · ∇ψ − MDc
2
0
2ρf0
(|ψ|2 − ρf0 )2 (63)
be the GP Lagrangian density for the fermi gas parameters ρf0 , Nf above or, equivalently, c
2
0 (hence the superfix zero
in comparison to (19)). In the Bogoliubov approximation in the deep BEC regime Nf → 0 it is equivalent to the local
acoustic Lagrangian density (cf. (16))
L0,ac(θ) = −1
2
ρf0G(θ) +
Nf
4
G2(θ). (64)
Alternatively, ρ becomes an auxiliary field,
ρ = ρf0 −NfG(θ) +O(N2f ) (65)
which is another way of saying that the acoustic approximation coincides with the Bogoliubov approximation. Defining
v = ∇θ/MD, (66)
we recover the continuity equation
∂tρ+ ~∇ (ρv) = 0. (67)
In consequence, we can perform an inverse Madelung transformation ψ =
√
ρeiθ from the Lagrangian (64) depending
only in the single variable θ to recover the doubly-variabled (63). That is, we can identify
Z0,ac=
∫
Dθ eiS0,ac[θ] (68)
with
Z0B =
∫
DψDψ∗ eiS0GP [ψ∗,ψ], (69)
because the latter really has only one degree of freedom in the BEC limit.
Some care is needed since, although Nf → 0 we retain the second term in (64). It simplifies matters to identify those
places in the equations in which we can set the BEC limit values without changing the final results as we approach
the limit and those where we need to approach the limit carefully. In general, we have to set Nf → 0 last, after the
other limit values have been made.
We follow the tactics used in [6] in describing a BCS model of cold fermi gases. We take η = Nf , as appropriate
for the deep BEC regime as it is for the deep BCS. The BEC Lagrangian density (31) now becomes
LeffF (θ, ) =
Nf
4
G2(θ, )− 1
2
ρf0G(θ, )− αG(θ, ) +
Nf
4
D2t (, θ)−
1
4
M¯22. (70)
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Again as in [6], we work with the combinations of modes
θ =
θ+ + θ−
2
,  =
θ+ − θ−
2
, (71)
whence
G(θ, ) =
1
2
[G(θ+) +G(θ−)] and D t(, θ) =
1
2
[G(θ+)−G(θ−)]. (72)
In terms of θ±, LeffF (θ, ) becomes
2LeffF (θ+, θ−) =
[
L0ac(θ+) + L
0
ac(θ−)
]− 1
2
M¯2
(
θ+ − θ−
2
)2
− α(G(θ+) +G(θ−))
(
θ+ − θ−
2
)
(73)
where L0ac(θ) is defined in (64) in terms of Nf and c0.
This gives the partition function
ZF =
∫
DθD eiSeffF [θ,] =
∫
Dθ+Dθ− eiSeffF [θ+,θ−] (74)
From our previous comments we can perform an inverse Madelung transformation in the BEC regime. If we define
ρ± = ρ
f
0 −NfG(θ±) + α(θ+ − θ−), (75)
v± = ∇θ±/MD, (76)
then varying with respect to θ± gives the equations of motion
∂tρ± + ~∇ (ρ±v±) = ±
{
M¯2N
2Nf
(θ+ − θ−) + α
Nf
[
2ρf0 − (ρ+ + ρ−)
]}
(77)
representing continuity equations with sources and sinks.
To reproduce these from a GP action in the limit of c0 →∞ requires two pseudo-fields
ψ± =
√
ρ±eiθ± (78)
where ρ± and θ± are considered independent. A partial inverse Madelung transformation for large c0 gives the
Lagrangian density (written in mixed formalism)
L2GP (ψ+, ψ
∗
+, ψ−, ψ
∗
−) = [L
0
GP (ψ+, ψ
∗
+) + L
0
GP (ψ−, ψ
∗
−)]−
M¯2
4Nf
N(θ+ − θ−)2 − α
Nf
[
2ρf0 − (ρ+ + ρ−)
]
(θ+ − θ−)(79)
where L0GP (ψ,ψ
∗) is defined in (63) in terms of Nf and c0. Varying with respect to ρ± and θ± gives precisely the
equations (75) and (77) in the limit, in which ρ± are auxiliary fields. To convert the interaction Lagrangian density
fully to GP fields, we express θ± and ρ± in terms of ψ± as
(θ+ − θ−) = 1
2i
ln
(
ψ+ψ
∗
−
ψ−ψ∗+
)
, (80)
ρ± = ψ∗±ψ±. (81)
We have not yet included higher than quadratic powers in  in anticipation that they are unimportant in the BEC
regime, as we shall see later. To simplify the discussion we include the effects of the self-interaction LeffD . Eq.(73)
contains the term quadratic in the BEC limit κ = |ϕ0|2. The complete Lagrangian density is, again in mixed notation,
L2GP (ψ+, ψ
∗
+, ψ−, ψ
∗
−) = [L
0
GP (ψ+, ψ
∗
+) + L
0
GP (ψ−, ψ
∗
−)]−
M¯2
4Nf
N(θ+ − θ−)2 − α
Nf
[
2ρf0 − (ρ+ + ρ−)
]
(θ+ − θ−)
− 1
12
M¯2(θ+ − θ−)3 − 1
48
M¯2(θ+ − θ−)4. (82)
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Entirely in terms of the fields ψ± this becomes
L2GP (ψ+, ψ
∗
+, ψ−, ψ
∗
−) = [L
0
GP (ψ+, ψ
∗
+) + L
0
GP (ψ−, ψ
∗
−)] +
M¯2
16Nf
N
[
ln
(
ψ+ψ
∗
−
ψ−ψ∗+
)]2
(83)
− iα
2Nf
[
ψ∗+ψ+ + ψ
∗
−ψ− − 2ρf0
]
ln
(
ψ+ψ
∗
−
ψ−ψ∗+
)
− iM¯
2
48ρf0
[
ln
(
ψ+ψ
∗
−
ψ−ψ∗+
)]3
− M¯
2
192ρf0
[
ln
(
ψ+ψ
∗
−
ψ−ψ∗+
)]4
(84)
and we have further used 2|ϕ0|2 = ρf0 in the BEC regime. It is already clear that the last two terms arising from the
self-interaction are, relatively, O(Nf ), becoming vanishingly small.
In summary, we have shown that the partition function Z2F of (20) can, after some circuitous manipulations, be
identified with the partition function
Z2GP =
∫
Dψ+Dψ∗+Dψ−Dψ∗− eiS2GP [ψ
∗
+,ψ+,ψ
∗
−,ψ−] (85)
in the deep BEC regime, where
S2GP [ψ
∗
+, ψ+, ψ
∗
−, ψ−] =
∫
d4xL2GP (ψ+, ψ
∗
+, ψ−, ψ
∗
−) (86)
The identification required a derivative expansion, but beyond that it goes further than the Bololiubov approximation,
for which the single-field GP action of (5) with action (6) was sufficient via (74), although again only in the deep BEC
regime. Eq.(84) is the main result of this paper, an effective GP theory in the vicinity of the deep BEC regime.
We note that, if we insert the deep BCS parameter values α → 0, |ϕ0| → 0 in (84) we recover the generalised
acoustic approximation action of [6] despite the replacement of the Feshbach resonance by an s-wave point atom-atom
interaction in their calculations. However, we cannot extend Eq.(84) to the intermediate regime for two very different
reasons. Most simply, the Lagrangian density (73) acquires G(θ+)G(θ−) cross-terms preventing a reconstruction in
terms of two GP fields. Further, even in the absence of cross-terms the non-divergence of c0 prohibits inverse Madelung
transformations.
There is a final caveat. The model that we have considered here describes an effective theory and there is a
renormalisation ambiguity due to the higher terms in the Jacobian J [] = Det[1+κ1/2/|ϕ0|] which cannot necessarily
be absorbed in the redefinition of terms [26, 27] and which, by effectively renormalising the self-interaction strength
uB , decouples it from c∞. However, they are also ignorable in the deep BEC regime when Nf → 0.
STATIC VORTEX SOLUTIONS
To demonstrate the difference between the outcomes from the action S2GP [ψ
∗
+, ψ+, ψ
∗
−, ψ−] obtained from (84)
and the GP action SGP [ψ
∗, ψ] of (6) we consider a single vortex as a simple demonstration of collective condensate
behaviour.
The existence of vortices in cold fermi gases is confirmed experimentally [28–30] and there has been extensive
theoretical analysis of them in the BCS regime [31], the unitary limit of divergent scattering length [32, 33], and
throughout the BCS-BEC crossover [34, 35], based upon Bogoliubov-de Gennes theory [22, 36]. In particular, these
studies indicate that the effective Gross-Pitaevskii description for composite bosons can be provided only in strong
coupling of the BEC regime with which, from our very different viewpoint, we agree.
For all the caveats of the previous paragraph, Gross-Pitaevskii theory provides the best way to understand vortices.
We have already explored vortex production in the context of the hydrodynamic approximation [3] and we return to
the problem with the more sophisticated Lagrangian density of Eq.(84).
For this it is sufficient to fall back onto the GP equations, mean-field equations for the GP partition function, to
which we look for non-homogeneous vortex solutions. We saw that the BEC fermi gas condensate behaved like a
condensate of elementary bosons in the hydrodynamic approximation. Such condensates show vortices with global
U(1) vortex solutions that are well-understood [7–9]. Our more realistic system shown above in (84), without this
approximation, also permits vortex solutions and we shall contrast them to those of the simpler system. We shall see
that, despite the difference in equations, there are no experimentally observable differences in the vortex profile.
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FIG. 1: Numerical solution (blue profile) of the BEC vortex Eq.(99) compared to the solution to the global U(1) vortex
Eq.(103) for a condensate of elementary bosons (green profile). The difference is insignificant.
With single vortices in mind, it is sufficient to construct the static limit of the Gross-Pitaevskii actions. At the
level of approximation that we shall adopt here we insert the deep BEC values α = ρ0 and N = Nf + 4(ρ
f
0 )
2/M¯2,
but do not set Nf → 0 until calculations have been performed, because of its singular nature.
The static Hamiltonian HGP following from the Lagrangian density LGP of (84) is then
HGP (ψ+, ψ
∗
+, ψ−, ψ
∗
−) = H
0
GP (ψ+, ψ
∗
+) +H
0
GP (ψ−, ψ
∗
−)
−
∫
d3x
{
ρf0
2iNf
[
ψ∗+ψ+ + ψ
∗
−ψ− − 2ρf0
]
ln
(
ψ+ψ
∗
−
ψ−ψ∗+
)
+
M¯2
16Nf
N
[
ln
(
ψ+ψ
∗
−
ψ−ψ∗+
)]2}
, (87)
where
H0GP (ψ,ψ
∗) =
∫
d3x
{
− ψ∗
[
1
2MD
~∇2 + ρ
f
0
Nf
]
ψ +
1
2Nf
(|ψ|2)2
}
, (88)
the Hamiltonian following from the Lagrangian density L0GP (ψ,ψ
∗) of (63), defined in terms of Nf and c0. For clarity
of equations, initially we have neglected the terms in (θ+ − θ−)3 and (θ+ − θ−)4. We shall include them later.
To see how vortices arise in (87), in cylindrical polars (r, z, ϕ) we make the simple ansatz
ψ±(r, ϕ) = f(r)e±i(r)eiϕ (89)
where f2 = ρ. HGP then takes the form (up to an additive constant)
HGP (f, ) = 2pi
∫
rdr
{
1
MD
[
f ′2 + ′2f2 +
1
r2
f2
]
r +
1
Nf
[
ρf0 − f2
]2
+
4ρf0
Nf
[
ρf0 − f2
]
+
M¯2
Nf
N2
}
. (90)
The resulting deep BEC equations of motion are
0 = f ′′ +
f ′
r
− ′2f − 1
r2
f + 2f
MD
Nf
[ρ0 − f2] + 4MDρ
f
0
Nf
f (91)
0 =
[
′′ +
1
r
′
]
f2 − 2MDρ
f
0
Nf
[
ρf0 − f2
]
− MDM¯
2
Nf
N. (92)
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The limit of vanishing Nf in these equations is subtle. We develop iterative solutions in powers of Nf before taking
the limit. The effect is to solve (92) as making  the auxiliary field
 ≈ − 2ρ
f
0
M¯2N
(ρf0 − f2), (93)
where the approximation reflects the deep BEC limit. Inserting this result into (91) gives
′ ≈ 4ρ
f
0ff
′
M¯2N
=
ff ′
ρf0
(94)
in the small Nf limit. Inserting (93) and (94) in (91) gives the modified vortex equation
0 = f ′′ +
f ′
r
− f ′2 f
3
(ρf0 )
2
− 1
r2
f +
2M2Dc
2
ρf0
f [ρf0 − f2]. (95)
We see that after some intricate cancellation the singular terms in 1/Nf have been replaced by benign factors of 1/N
or, equivalently, c2 = ρf0/MDN . Although, from (93), there is a core of density fluctuations, the energy within this
cannot be separated from that due to the density profile in (90), again because of the cancelations that are required to
give a finite answer. [It is because of the difficulties of implementing these cancelations that other seemingly plausible
ansatze for vortices, such as trying to put all the vortex structure into just one of the pseudo-fields (e.g. taking
ψ− = ρ1/2) fail.]
Adding the terms in 3 and 4 necessary to get a non-zero c2 in the BEC regime has no effect on the final equations.
To see this we observe that the inclusion of the terms due to the self-interaction replaces HGP of (90) by
HGP (f, ) = 2pi
∫
rdr
{
− 1
MD
[
ff ′′ − ′2f2 + 1
r
ff ′ − 1
r2
f2
]
− 2f2 ρ
f
0
Nf
+
f4
Nf
(96)
+
4ρf0
Nf
[
ρf − f2
]
+
M¯2
Nf
N2 +
2
3
M¯23 +
1
6
M¯24
}
. (97)
Thus (92) becomes
0 =
[
′′ +
1
r
′
]
f2 − 2MDρ
f
0
Nf
[
ρf0 − f2
]
− MDM¯
2
Nf
N− 2MDM¯22 − 2
3
MDM¯
23. (98)
On multiplying through by Nf , we see that the additional terms do not contribute as Nf vanishes and (93), (94) and
(95) persist. Higher order terms from the Jacobian would have the same lack of effect.
In particular, the extraction of the bosonic condensate from the fermi pairs does not introduce any new length
scales. The equation is cast in dimensionless form by rewriting f as f ≡
√
ρf0F , in units of length r = ξR, where
ξ = h¯/MDc is the length scale of the model. On taking the Nf → 0 limit into account Eq.(95) then becomes
0 = F ′′(R) +
F ′(R)
R
− F ′(R)2F (R)3 − 1
R2
F (R) + 2F (R)[1− F (R)2] (99)
where the primes denote differentiation with respect to R and we have used the fact that α ≈ ρf0 in the BEC regime.
The boundary conditions are F (0) = 0, F (∞) = 1, whence F (R) ∼ R, small R, as for the simple U(1) global vortex
displayed below. The numerical solution is given in Fig.1.
We contrast this result with that obtained from the static Hamiltonian HacGP , the Hamiltonian for elementary
bosons, derived from the Lagrangian density (6) after replacing Nb by N ,
HacGP (ψ) =
∫
d3x
{
− ψ∗
[
1
2M
~∇2 + ρ0
N
]
ψ +
1
2N
(|ψ|2)2
}
(100)
where ψ is the single GP field in this approximation.
The ansatz
ψ(r, ϕ) = f(r)eiϕ (101)
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leads to the more familiar U(1) vortex equation [7],
0 = f ′′ +
f ′
r
− 1
r2
f +
2M2c2
ρ0
f [ρ0 − f2]. (102)
In identical dimensionless units the equation for the conventional global U(1) vortex is [7]
0 = F ′′(R) +
F ′(R)
R
− 1
R2
F (R) + 2F (R)[1− F (R)2]. (103)
The difference between (102) and the diatomic (95) lies entirely in the F ′(R)2F (R)3 term, of universal strength in the
deep BEC regime. The effect of the linear behaviour near the origin is to render the contribution from the F ′(R)2F (R)3
term negligible, as is seen in the numerical solutions to Eqs. (99) and (103) of Fig.1, all but indistinguishable to the
naked eye. That is, as far as the vortex profile is concerned it is sufficient to work with the simple GP action of (63)
for elementary bosons.
Some caution is required in interpreting these results. The original formulation of (47) assumed small fluctuations
. Although convenient factors of Nf enabled higher powers of  to occur without having to invoke the smallness of
the fluctuations, we are forced to address this in our BEC solution (93), which becomes  ≈ −(1 − F 2)/2 whereas,
by definition, → −(1− F ) in the BEC limit. Thus, technically, we should only believe the vortex solution from(99)
away from the vortex core where F ≈ 1. In practice, since F has to vanish at the core, we anticipate the vortex
solution of Fig.1 to have greater validity [22]. In this regard there are some similarities with [22], although in our case
the density is entirely diatomic. However, unlike the approach of [22], in our case a new Gross-Pitaevskii action for
the BEC regime is constructed with a clear Galilean identification of coupled fields as dimers.
CONCLUSIONS
The main goal of this work was to understand to what extent diatoms/dimers in the BEC regime of a cold fermi
gas resembled simple bosons. We had already observed [3] that, at the level of the acoustic (or hydrodynamic)
approximation in which the quasi-particle phonon has dispersion relation ω = ck, the condensate of a cold fermi gas
formally mimics that of simple bosons across the whole BEC-BCS regime. By that we mean that the path integral
partition functions of the two condensates are identical (in each case the Gross-Pitaevskii partition function). Since
we know that the GP partition function is that for the Grand Canonical ensemble of simple bosons the identity is
established at that level. We are careful in preserving Galilean invariance at each step.
We have pursued this is two stages. As our first step we restrict ourselves to the Bogoliubov approximation, where
we have shown that in the deep BEC regime the dimer and elementary boson condensates are identical (from the
point of view of partition functions). Further, in this regime we identify the bogolon, with dispersion relation
ω2 = c2k2 + (k2/2MD)
2 (104)
as the non(sound-cone)-relativistic quantum excitation of the fluctuation field. For this identity an essential ingredient
in the comparison is the divergence of the mean-field speed of sound c0 (whereas the true speed of sound c remains
finite). Outside the deep BEC regime the relationship fails and a description in terms of a single Gross-Pitaevskii
field is not possible.
Our second step is to go beyond the Bogoliubov approximation in the BEC regime. To do this we have developed
a generalised Gross-Pitaevskii action for two coupled fields which describes the dimer dynamics. We stress that these
identities take place at the level of partition functions and are not mean-field results. The two-field action differs
from the conventional GP action. As a simple demonstration as to what this difference may mean we contrast the
form of a single linear vortex for the dual-field fermi gas to that of the conventional GP action. Although the vortex
equations are universally different in the deep BEC regime they turn out to be almost indistinguishable numerically.
This near-identity of the solutions helps confirm the supposition that the strongly-coupled dimers of the BEC regime
do behave like elementary bosons to a good approximation, even beyond the Bogoliubov picture.
We stress that the effective time-dependent Gross-Pitaevskii theory in the BEC regime can, in principle, be imple-
mented beyond the static approximation to study the dynamical aspects of vortices, something that is difficult from
the Bogoliubov- de Gennes perspective.
As we move away from the deep BEC region towards the BCS regime the situation becomes more complicated for
two very different reasons. Most simply, with Nf 6= η no longer small the Lagrangian density (73) no longer separates
dynamically and finiteness of c0 prevents inverse Madelung transformations to GP fields, even if it were possible.
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APPENDIX
In this Appendix, we provide detailed expressions of the coefficients in the effective action (31) allowing for a
self-interaction term LeffD = −uB |ϕ|4/4.
The chemical potential µ and |ϕ0| are defined through∫
d3p
(2pi)3
(
1
2Ep
− 1
2p
)
− uB
2g2
|ϕ0|2 = ν − 2µ
g2
≡ − mf
4piaS
(105)
and the fermion number density ρf0 ,
ρf0 = ρ
ex
0 + 2ρ
D
0 , (106)
where
ρex0 =
∫
d3p
(2pi)3
[
1− εp
Ep
]
(107)
is the explicit fermion density and ρD0 = |ϕ0|2.
In conventional notation, εp = p
2/2mf − µ and Ep = (ε2p + g2|ϕ0|2)1/2. The principal coefficients take the
form (after renormalisation [16])
Nf = g
2|ϕ0|2
∫
d3p
(2pi)3
1
2E3p
, α = 2|ϕ0|κ1/2
[
1 +
1
2
g2
∫
d3p
(2pi)3
εp
2E3p
]
, (108)
M¯2 = 4κ(ν − 2µ)− 2g2κ
∫
d3p
(2pi)3
[
ε2p
E3p
− 1
p
]
, η = g2κ
∫
d3p
(2pi)3
ε2p
2E5p
(109)
with p = p
2/2mf . The scale factor κ is defined as
κ =
ρ0
4mfg2ζ + 2
, (110)
where
ζ =
∫
d3p
(2pi)3
[
1
8E3p
[(
1− 3g
2|ϕ0|2
E2p
)
εp
mf
+
(
5
g2|ϕ0|2
E2p
(
1− g
2|φ0|2
E2p
)) |p|2 (pˆ · ∇ˆ)2
m2f
]]
. (111)
In (111) pˆ and ∇ˆ are the unit vectors along the direction p and the direction of the spatial variation of the phase
mode θ respectively.
The inclusion of a self-interaction term LeffD = −uB |ϕ|4/4 replaces M¯20 by
M¯2 = M¯20 + 6κuB |ϕ0|4. (112)
as discussed in the text but otherwise there is no explicit uB dependence.
Formally there is great simplification in the deep BCS and BEC regimes as the expressions above stand. The
chemical potential in the deep BCS regime is µ = F , turning negative as |µ| ' 1/2mfa2S → ∞ in the deep BEC
regime. The mode-coupling coefficient α vanishes in the deep BCS regime as a consequence of particle-hole symmetry
whereas, in the deep BEC regime the scale factor κ behaves as κ ≈ ρ0/2 so that α→ ρ0.
In the BEC regime both Nf and η0 ≈ Nf ' g2|ϕ0|2(2mf |µ|)3/2/|µ|3 vanish due to |µ| → ∞, with Nf/η → 1, again
independently of uB .
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Further, in the definition of M¯20 , we have used the relationship between the s-wave scattering length aS and the
binding energy in (25). In the deep BEC regime M¯0 vanishes as Nf such that M¯
2
0 /Nf → 2g2ρ0.
For completeness, in the deep BCS regime Nf is the density of states at the Fermi surface, namely Nf = mkF /2pi
2.
Then in this regime the scale factor κ is approximated by κ ' ρ0/4mfg2ζ in that ζ ≈ kF F /18pi2g2|ϕ0|2. With
the approximated results of κ and ζ, the behaviour of η in the deep BCS regime is simply given by η ' 3ρ0/4F =
mfkF /2pi
2 when ρ0 ≡ k3F /3pi2 is defined. Thus, Nf ≈ η in the deep BCS regime.
Numerical values
It is convenient to work with the dimensionless couplings g¯ and u¯B , defined by g¯
2 = (3k3F /64
2
F )g
2 and u¯B =
(3/64)(F /kF )uB . To be concrete, consider the resonance in
6Li at H0 = 543.25G, discussed in some detail in [15].
[This is to be distinguished from the very broad Feshbach resonance in 6Li at 850 G.] As our benchmark we take the
number density ρ0 ≈ 3× 1012cm−3, whence F ≈ 7× 10−11eV , g¯ = 0.9. For exemplary purposes we take u¯B = 0, 1.5
and 3.0. We see that, essentially apart from the crucial c2, there is no dependence on uB in the deep BEC regime.
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FIG. 3: The plots of N0/(mkF /2pi
2), η/(mkF /2pi
2), α/ρ0, and κ/ρ0 as functions of 1/kF aS for the value g¯ = 0.9 and
u¯B = 0(blue), 1.5(green), 3(red).
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FIG. 4: The plots of M¯2/(p3F F ) and c
2/v2F as a function of 1/kF aS for the value g¯ = 0.9 and u¯B = 0(blue), 1.5(green), 3(red).
In the BCS regime c2/v2F → 1/3.
